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The quantum speed limit (QSL) time for open system characterizes the most efficient response
of the system to the environmental influences. Previous results showed that the non-Markovianity
governs the quantum speedup. Via studying the dynamics of a dissipative two-level system, we
reveal that the non-Markovian effect is only the dynamical way of the quantum speedup, while the
formation of the system-environment bound states is the essential reason for the quantum speedup.
Our attribution of the quantum speedup to the energy-spectrum character can supply another vital
path for experiments when the quantum speedup shows up without any dynamical calculations.
The potential experimental observation of our quantum speedup mechanism in the circuit QED
system is discussed. Our results may be of both theoretical and experimental interests in exploring
the ultimate QSL in realistic environments, and may open new perspectives for devising active
quantum speedup devices.
PACS numbers: 03.65.Yz, 03.67.-a
Introduction.—As one of the fundamental laws of na-
ture, quantum mechanics imposes a bound on the evo-
lution speed to quantum systems, the so-called quantum
speed limit (QSL) [1–5]. It has recently attracted consid-
erable attention and played remarkable roles in various
areas of quantum physics including nonequilibrium ther-
modynamics [6], quantum metrology [7–10], quantum op-
timal control [11–16], quantum computation [17–19], and
quantum communication [1, 20]. The QSL time sets a
bound on the minimal time a system needs to evolve
between two distinguishable states, and it can be under-
stood as a generalization of the time-energy uncertainty
principle. For isolated systems, the QSL time under uni-
tary evolution is determined by the maximum [21] of the
Mandelstam-Tamm bound τMT = π~/(2∆E) [2, 3] and
Margolus-Levitin bound τML = π~/(2E¯) [22], where ∆E
and E¯ are the fluctuation and mean value of the initial-
state energy, respectively.
Because of the inevitable interactions with the envi-
ronments, quantum systems should be generally regarded
as open systems. The decoherence effect resulting from
the system-environment interactions would introduce re-
markable influences on the QSL. Much effort has been
made to explore the QSL of open system under the envi-
ronment governed nonunitary evolution. A Mandelstam-
Tamm-type bound on the QSL time for pure initial states
has been derived by using positive nonunitary maps
[23, 24]. Using a geometric approach, a unified bound
on the QSL time including both Mandelstam-Tamm and
Margolus-Levitin types has also been formulated [25].
The generic bound on the QSL time for both mixed
and pure initial states has been obtained by introducing
the relative purity [26] and the Hilbert-Schmidt product
of operators [27, 28] as distance measure. Deffner and
Lutz [25] showed that non-Markovian effect character-
ized by non-Markovianity [29–32] can speed up quantum
evolution, which has been verified in different settings
[26, 28, 33, 34]. A first experimental observation in cav-
ity QED systems [35], where an atomic beam is treated
as a controllable environment for the cavity field system,
has confirmed such non-Markovianity-assisted speedup.
Despite the growing body of literature on this subject,
the analysis has almost exclusively been focused on the
direct relation between the quantum speedup and the
non-Markovianity. To our knowledge, no ultimate phys-
ical explanation has been provided for the mechanism of
quantum speedup in open systems to date.
Here we give a constructive answer that both the quan-
tum speedup phenomenon and the non-Markovianity are
attributed to the formation of the system-environment
bound states (as special eigenstates with eigenvalues re-
siding in the band gap of the energy spectrum) [36–
40]. Via considering explicitly a two-level system (TLS)
coupled dissipatively to a bosonic environment, we re-
veal that the formation of the bound states significantly
changes the dynamics of the TLS, and thus plays a criti-
cal role in quantum speedup and the non-Markovian dy-
namics. Possible experimental realization for our quan-
tum speedup mechanism is discussed. Our result sug-
gests that one can control the QSL of open systems via
engineering the formation of the bound state.
The model and dynamics.—Consider a TLS coupled to
a bosonic environment, a widely used model in studying
the QSL of open systems. Its Hamiltonian is (~ = 1)
Hˆ = ω0σˆ+σˆ− +
∑
k
ωkaˆ
†
kaˆk +
∑
k
(gkaˆ
†
kσˆ− +H.c.), (1)
where σˆ± and ω0 are the transition operators and fre-
quency of the TLS, and aˆ†k (aˆk) is the creation (annihila-
tion) operator of the k-th environmental mode with fre-
2quency ωk. The coupling strength between the TLS and
its environment is denoted by gk, which is further charac-
terized by the spectral density J(ω) =
∑
k |gk|2 δ(ω−ωk).
The non-Markovian dynamics of the TLS is governed
by the exact master equation
ρ˙(t) = −iΩ(t)
2
[σˆ+σˆ−, ρ(t)] +
Γ(t)
2
[2σˆ−ρ(t)σˆ+
−σˆ+σˆ−ρ(t)− ρ(t)σˆ+σˆ−] ≡ Lˇtρ(t), (2)
where Γ(t)+ iΩ(t) ≡ −2c˙(t)/c(t) with c(t) determined by
c˙(t) + iω0c(t) +
∫ t
0
f(t− t′)c(t′)dt′ = 0, (3)
under the condition c(0) = 1. Here f(x) =∫∞
0
J(ω) exp(−iωx)dω is the environmental correlation
function. The time-dependent Ω(t) and Γ(t) are the
renormalized frequency and the decay rate, respectively.
All the non-Markovian memory effect has been regis-
tered self-consistently in these time-dependent coeffi-
cients. Note that the decay rate Γ(t) is by no means
positively definite. Actually it is just the negative Γ(t)
which causes the energy backflow from the environment
to the TLS. It is seen as a main non-Markovian fea-
ture. In the Markovian limit, one can prove c(t) ≃
exp[−i(ω0 − δω)t − πJ(ω0)t] with δω = P
∫∞
0
J(ω)dω
ω−ω0
,
which reduces Ω(t) ≃ 2(ω0 − δω) and Γ(t) ≃ 2πJ(ω0).
This positive constant decay rate ensures the energy to
flow unidirectionally from the TLS to the environment.
QSL and non-Markovianity.—QSL for open systems
characterizes how fast a system under the environ-
mental driving can evolve. Hence, via evaluating the
characteristic of the QSL, one could obtain the effi-
cient response of the system to the environmental dis-
turbance. The QSL time between an initial state
ρ(0) = |ψ0〉〈ψ0| and its target state ρ(τ) for open
systems is defined by τQSL = sin
2 B[ρ(0), ρ(τ)]/Λ(∞)τ
[25], where B[ρ(0), ρ(τ)] ≡ arccos√〈ψ0|ρ(τ)|ψ0〉 is
the Bures angle between ρ(0) and ρ(τ), and Λ
(∞)
τ =
(1/τ)
∫ τ
0
dt||Lˇtρ(t)||∞ with the operator norm ‖Aˆ‖∞
equaling to the largest eigenvalue of
√
Aˆ†Aˆ. From Eq.
(2), the QSL time for our model
τQSL =
1− |c(τ)|2
(1/τ)
∫ τ
0 |∂t|c(t)|2|dt
, (4)
is achieved when |ψ0〉 = |+〉. Once c(t) has been calcu-
lated from Eq. (3), τQSL could be deduced by Eq. (4).
The non-Markovian effect can be quantified by the
non-Markovianity N = maxρ1,2(0)
∫
σ>0
dtσ(t, ρ1,2(0)),
where σ(t, ρ1,2(0)) = D˙(ρ1(t), ρ2(t)) is the change rate of
the trace distance D(ρ1(t), ρ2(t)) =
1
2Tr|ρ1(t)−ρ2(t)| be-
tween states ρ1,2(t) evolving from their respective initial
forms ρ1,2(0) [30]. In the Markovian limit, the environ-
ment acts like a “sink” such that all the energy flows irre-
versibly from the system to the environment. The states
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FIG. 1. (Color online) (a) Non-Markovianity N (blue dashed
line) and QSL time τQSL (red solid line) as a function of the
coupling constant η. The inset shows the energy spectrum of
the total system, where the green dot-dashed line denotes the
energy of the formed bound state. The obtained |c(t)|2 (b)
and the corresponding decay rate Γ(t) (c) with and without
bound state. The bound state is formed when η > ηc = 0.1.
The parameters are ωcτ = 800, ω0/ωc = 0.1, and s = 1.
become more and more indistinguishable with time evo-
lution, which means σ < 0 always and thus N = 0. In
the non-Markovian dynamics, the dynamical interplay
between the system and the environment would tran-
siently cause the energy backflow from the environment
to the system. This would lead to the increase of the
state distance. Hence the non-Markovianity is defined
to characterize the non-Markovian effect just via quanti-
fying such environmental backaction induced increase of
the distinguishability of the given states. For our TLS,
it has been proven that the optimal pair of initial states
to maximize N are ρ1,2(0) = |±〉〈±| [25], which means
D(ρ1(t), ρ2(t)) = |c(t)|2. Then one can readily verify
N = 1
2
[|c(τ)|2 − 1 +
∫ τ
0
|∂t|c(t)|2|dt
]
, (5)
which connects to τQSL as τQSL = τ
1−|c(τ)|2
1−|c(τ)|2+2N [33].
The mechanism of quantum speedup.—It has been
found that the non-Markovian effect can speed up quan-
tum evolution [25, 33]. As another dynamical quantity,
the non-Markovianity could not be seen as an essential
reflection to the QSL of the dynamical evolution. On the
other hand, such attribution of the quantum speedup to
the non-Markovianity is experimentally meaningless be-
cause the non-Markovianity is not an experimental ob-
servable. The question is: what is the essential mech-
anism of quantum speedup in a more physical angle of
view? We here try to provide an ultimate explanation to
the physical mechanism of quantum speedup.
Different from the widely studied Lorentzian spectrum
[25, 26, 28, 33, 34], we here study the Ohmic kind of
spectra with the spectral density J(ω) = ηωsω1−sc e
−ω/ωc ,
3where η is a coupling constant, ωc is a cutoff frequency,
and s is a power index of the spectrum. It can be classi-
fied as Ohmic (s = 1), sub-Ohmic case (0 < s < 1), and
super-Ohmic case (s > 1) [41]. This kind of spectra can
be simulated in an ion trap system [42]. We plot in Fig.
1(a) the non-Markovianity N and the QSL time τQSL as
a function of η for s = 1. Here we choose the final time
τ sufficiently large. This not only guarantees the con-
vergence of the calculated N , which, determined by the
system parameters, is a quantity independent on τ , but
also ensures that the system reaches its steady state and
thus the obtained τQSL reflects the evolution efficiency
of the system relaxing to its equilibrium state. It is in-
teresting to find that both τQSL and N show an obvious
threshold at the critical point ηc = 0.1. When η < ηc,
τQSL/τ stays at 1 and N remains zero. Thus there does
not exist any quantum speedup and non-Markovian ef-
fect. However, when η ≥ ηc, τQSL/τ experiences a steep
decrease and N experiences a steep increase. It indicates
that the system presents a dramatic speedup and non-
Markovian effect. Although this result confirms the pre-
vious result that the quantum speedup connects directly
with the non-Markovianity [25, 28, 33], the existence of
the obvious threshold point ηc inspires us to further pur-
sue the hidden physical reason for the quantum speedup.
Our main point is that the non-Markovian dynam-
ics of an open system connects tightly with the energy-
spectrum characters of the total system consisting of the
system and its environment. Thus the study of the en-
ergy spectrum may supply us with a meaningful message
to understand its dynamics. Since Nˆ = σˆ+σˆ−+
∑
k aˆ
†
kaˆk
is conserved, the Hilbert space splits into independent
subspaces with definite N . For our zero-temperature en-
vironment case, only the subspaces with N = 0 and 1
are involved in the dynamics. Besides the trivial eigen-
state |ϕ0〉 = |−, {0k}〉 with E0 = 0 for the N = 0
subspace, we can obtain the eigenstate of the N = 1
subspace as |ϕ1〉 = d0 |+, {0k}〉 +
∑
k dk |−, 1k〉 with
d0 = [1 +
∫ J(ω)
(E1−ω)
2 dω]−1/2 and E1 satisfying [43]
y(E1) ≡ ω0 −
∫ ∞
0
J(ω)
ω − E1 dω = E1. (6)
Since y(E1) decreases monotonically with the increase of
E1 in E1 < 0 and limE1→−∞ y(E1) = ω0, Eq. (6) has an
isolated root in the bandgap [see Fig. 1(a)] whenever
y(0) < 0⇒ η > ω0
ωc
1
γ(s)
= ηc (7)
with γ(s) the gamma function. We call the eigenstate
corresponding to this isolated eigenvalue EBS the bound
state. Note that the negativity of EBS for our TLS can-
not cause the unboundedness from below in a harmonic
oscillator system [44]. It is because no canonical transfor-
mation can make the combination Cˆ = ασˆ− +
∑
k βkaˆk
fulfill [Cˆ, Cˆ†] = 1. Thus nEBS with n an arbitrary integer
by no means is also the eigenvalue of the TLS. It is re-
markable to find from Fig. 1(a) that the critical point for
forming the bound state matches well with the one for
presenting quantum speedup. We thus conjecture that
the formation of the bound state of the total system is
the essential mechanism of the quantum speedup of the
open TLS.
The distinguished role played by the bound state in
the quantum speedup can be understood in the following
way. Consider the initial state |Ψ(0)〉 = |+, {0k}〉, whose
evolution can be expanded as
|Ψ(t)〉 = q0e−iEBSt|ϕ1,BS〉+
∑
α∈CB
qαe
−iE1,αt|ϕ1,α〉, (8)
where |ϕ1,BS〉 is the potentially formed bound state with
the eigenenergy EBS, |ϕ1,α〉 are the eigenstates in the
continuous energy band with eigenenergies E1,α, q0 =
〈ϕ1,BS|Ψ(0)〉 = d0, and qα = 〈ϕ1,α|Ψ(0)〉. Due to the
out-of-phase interference contributed by the continuous
energiesE1,α, all the excited-state population in the com-
ponents of the summation in Eq. (8) tends to vanish and
only the one in the bound-state component survives in
the long-time limit, i.e.,
Tr[σˆ+σˆ−ρ(∞)] = |c(∞)|2 = d40, (9)
where the first equality is obtained from Eq. (2). If
the bound state is absent, then |c(∞)|2 approaches zero
asymptotically. Figures 1(b) and 1(c) plot the excited-
state population |c(t)|2 and the decay rate Γ(t), respec-
tively. We can see that Γ(t) in the absence of the bound
state when η < ηc tends to a positive constant after a
short-time jolt. The complete positivity of Γ(t) causes
|c(t)|2 to decay to zero monotonically. Here the envi-
ronment has no backaction on the system and thus N is
zero. Since the TLS equilibrates in an asymptotic man-
ner to its ground state, there is no more efficient evo-
lution than the evolution characterized by τ and thus
τQSL = τ . When the bound state is formed in the condi-
tion η > ηc, the competition between the environmental
backaction and the dissipation effects on the TLS causes
Γ(t) to transiently take negative value and asymptoti-
cally approaches zero [see Fig. 1(c)]. Consequently, after
some short-time oscillations, |c(t)|2 tends to a finite value
matching well with the result in Eq. (9). It is contrary to
one’s expectation that a larger coupling strength always
induces a stronger decoherence. The transient increase
of |c(t)|2 causes the increase of the distinguishability and
the decrease of τQSL. The system here has a great capac-
ity to speed up. Hence the bound state supplies a latent
capability, while the non-Markovianity only supplies the
dynamical way to the system for quantum speedup.
The deterministic role of the bound state in the quan-
tum speedup is expected to also be valid for other spec-
tra and systems. Figure 2 shows τQSL and N with the
change of the system frequency and the spectral index.
4FIG. 2. (Color online) (a) QSL time τQSL and (b) non-
Markovianity N as a function of the spectral power index s
and the system frequency ω0. The red dashed line shows the
critical values for forming the bound state. The parameters
are ωcτ = 800 and η = 0.2.
The results confirm that the threshold point from Marko-
vian to non-Markovian and from no-speedup to speedup
regimes matches well with the one for forming the bound
state. Our mechanism is applicable to a dissipative har-
monic oscillator, whose dynamics is governed by the same
bound-state mechanism as our TLS [45, 46], and the spin-
boson model, where the bound state has been found play-
ing a leading role in the quantum phase transition of the
model [39, 47]. Thus it is generic in open systems. Note
that our mechanism cannot be captured by the previous
treatment with Lorentzian spectrum [25, 26, 28, 33, 34],
where the lower limit of the frequency integration in
f(t− τ) is artificially extended from 0 to −∞. This ap-
proximation is mathematically convenient but loses the
availability of the bound state [40].
Physical realization.—The ideal physical system to
verify our prediction is a superconducting qubit inter-
acting with an array of coupled microwave supercon-
ducting resonators [48–51] [see Fig. 3(a)] governed by
Hˆ = ω0σˆ+σˆ− + ωc
∑N/2
j=−N/2 bˆ
†
j bˆj + ξ
∑N/2−1
j=−N/2(bˆ
†
j+1bˆj +
gσˆ+bˆ0 +H.c.). It becomes
Hˆ = ω0σˆ+σˆ− +
∑
k
ǫkbˆ
†
k bˆk +
g√
N
∑
k
(σˆ+bˆk +H.c.) (10)
through the Fourier transform bˆj =
∑
k bˆke
ikjx0 , where
ǫk = ωc + 2ξ cos kx0, and x0 is the spatial separation of
the two neighbor resonators. Here the coupled resonator
array acts as a synthesized environment with finite band-
width. The novel character of this system is that two
bound states at most could be formed, which causes
|c(∞)|2 = d40,1+d40,2+2d20,1d20,2 cos[(EBS1−EBS2)t] (11)
with d0,j = [1 +
∫ J(ω)
(EBSj−ω)
2 dω]−1/2. The equilibrium
state of the TLS here shows persistent oscillation be-
tween the two bound states. It is expected that N can-
not converge with respect to the final time τ and τQSL
tends to zero. The features of τQSL, N , |c(t)|2, and Γ(t)
are plotted in Figs. 3(b)-3(d). When η . 0.015, no
bound state is formed and no speedup is present. When
0.015 . η . 0.07, one bound state is formed, and there
(a)
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FIG. 3. (Color online) (a) Suggested proposal of a supercon-
ducting qubit interacting with an array of coupled transmis-
sion line resonators. (b) Non-Markovianity N and QSL time
τQSL as a function of coupling strength g. The inset shows
the energy spectrum of the total system, where the green
dot-dashed and the the orange lines denote the energy of the
formed bound state. The obtained |c(t)|2 (c) and the corre-
sponding decay rate Γ(t) (d) with and without bound state.
The parameters are ξ = 0.05ωc, ω0 = 1.08ωc, and N = 800.
are remarkable quantum speedup and non-Markovianity.
When η ≥ 0.07, two bound states are formed, their ef-
fect is greatly enhanced and τQSL/τ almost reduces to
zero and N tends to divergence. These results are in
agreement with the above theoretical predictions.
Our result implies that one can control the QSL time
through engineering the bound state via manipulating
the environmental spectrum. This idea is physically
similar to the results in Ref. [35], where the quantum
speedup is experimentally observed by controlling the en-
vironment. The decoherence suppression induced by the
bound state has been observed in the photonic crystal
system [52–54] and hopefully is realizable in the ion trap
system for the Ohmic-type spectra [42]. Furthermore, the
experimental advances in the array of coupled resonators
offer unprecedented potential of engineering dynamical
behavior of quantum systems [49, 50]. The recent exper-
iments have demonstrated an excellent quantum control
on the multi-resonator interconnected by phase qubits
or other superconducting elements [48]. Therefore, our
proposed scheme is experimentally accessible.
Conclusions.—In summary, we have explored the
mechanism of quantum speedup in a dissipative TLS.
It is revealed that the bound state of the whole sys-
tem, as an isolated eigenstate with eigenvalue residing in
the bandgap of the eigenspectrum, significantly changes
the decoherence dynamics and plays a decisive role in
quantum speedup. This mechanism can supply experi-
5menters with a useful guideline to judge when the quan-
tum speedup shows up without any calculations to its
explicit dynamics. We have also proposed a scheme to
verify our prediction. Addressing the realization of quan-
tum speedup in realistic open quantum systems, our work
opens a new avenue to control the QSL via engineering
the formation of the bound state.
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